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a b s t r a c t
Discrete barrier options are the optionswhose payoffs are determined by underlying prices
at a finite set of times. We consider the discrete barrier option with two barriers. Broadie
et al. (1997) [16] proposed a continuity correction for the discretely monitored barrier
option. We extend this idea to barrier option with two barriers. The proof for discrete
chained barrier option is provided and numerical results show the continuity correction
approximation is remarkably accurate.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Barrier options are widely traded in over-the-counter markets because they are more flexible and cheaper than vanilla
options. These options either cease to exist or come into existence when some pre-specified asset price barrier is hit during
the option’s life. Merton [1] has derived a down-and-out call price by solving the corresponding partial differential equation
with some boundary conditions. Rubinstein and Reiner [2] published closed form pricing formulas for various types of
single barrier options. Rich [3] also provided a mathematical framework to value barrier options. Due to their popularity
in a market, more complicated structures of barrier options have been studied by a number of authors. Kunitomo and
Ikeda [4] derived a pricing formula for double barrier options with curved boundaries as the sum of an infinite series.
Geman and Yor [5] followed a probabilistic approach to derive the Laplace transform of the double barrier option price.
Pelsser [6] inverted the Laplace transforms of the probability density functions using contour integration and derived
analytical formulas for pricing a variety of double barrier options. In these papers, the underlying asset price is monitored
for barrier hits or crossings during the entire life of the option. On the other hand, Heynan and Kat [7] studied partial barrier
options where the underlying price was monitored during only part of the option’s lifetime.
In the most of the barrier options literature listed above, continuous monitoring of the barrier has been assumed.
Thus the solutions for pricing of barrier options, where a knock-in or knock-out condition has occurred if the barrier is
crossed at any instant during the option’s life, could be represented in closed forms. However in practice many, if not
most, real contracts with barriers specify a set of fixed times for monitoring of the barrier because of some reasons in
legal and financial aspects (see Kou [8] for details). The analytical solutions of discrete barrier options can be derived using
multivariate normal distributions; see, e.g., Heynan andKat [9] and Reiner [10]. In fact, when the dimensionm is big (m > 5),
m-dimensional normal distribution functions can not be computed easily (m represents the number of monitoring points).
Reiner [10] proposed to use the fast Fourier transform to compute the convolution in the multivariate normal distribution.
Fusai et al. [11] provided an analytical solution for pricing discrete barrier options using a Wiener–Hopf equation. Chen
et al. [12] presented a methodology to derive closed-form solutions for a class of derivative products with one continuously
and a few discretely monitored barriers. Milev and Tagliani [13] studied the numerical valuation of double barrier option
with discrete monitoring. Parisian options (Chesney [14]) are barrier options whose payoff depends on the amount of time
during the contract life for which the underlying asset value lies within a specified range. Vetzal and Forsyth [15] provided
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a general numerical approach for pricing options such as Parisian option and dealt with the cases of discretely monitored
Parisian and delayed barrier options under the usual Black–Scholes assumptions. Even Monte Carlo simulation or standard
binomial trees need much time to obtain accurate results.
As another simple methodology for the discrete barrier option, Broadie et al. [16] proposed a continuity correction for
the discretelymonitored barrier optionwith a single barrier, and justified the correction both theoretically and numerically.
The resulting approximation, which only relies on a simple correction to theMerton [1] formula (thus trivial to implement),
is nevertheless quite accurate and has been used in practice; see Hull [17].
The correction shifts the barrier away from the underlying by a factor of exp

βσ
√
∆t

, where β = − ζ (1/2)√
2π
≈ 0.5826,
ζ is the Riemann zeta function, σ is the underlying volatility, and∆t is the size of time interval betweenmonitoring instants.
More precisely, let V (H) be the price of a continuous barrier option, and Vm(H) be the price of an otherwise identical
barrier option with m monitoring points. Then for any of the eight types of discrete monitored regular barrier options the
approximation is
Vm(H) = V

He±βσ
√
∆t

+ o 1/√m (1.1)
with + for an up option and − for a down option. These correction terms enable us to use closed-form solutions for
continuous option prices to approximate their discrete counterparts. Broadie et al. [18] developed methods for relating the
prices of discrete and continuous-time versions of path-dependent options sensitive to extremal values of the underlying
asset, including lookback, barrier, and hindsight options. Kou [8] extended an approximation in [16] for discretelymonitored
barrier options by covering more cases and giving a simpler proof.
As Kou [8] mentioned, (1.1) is the relation equation between continuous and discrete monitored barrier options in the
case of a single barrier. In this paper, we consider a barrier option with two barriers called ‘‘chained option’’.1 We extend
the continuity correction approach for approximate pricing of discrete barrier options in Broadie et al. [16] and Kou [8] to
pricing of discrete monitored chained options.
This article is organized as follows. Section 2 provides the continuity correction formula for chained option and presents
the proof for a down-and-in chained option with two barriers. Section 3 shows numerically the resulting approximation is
remarkably accurate. A conclusion is provided in Section 4. The continuous monitoring chained barrier option values are
given in Appendix.
2. Continuity correction for discrete chained barrier options
Let r be the risk-free interest rate, σ > 0 be a constant, and µ = r − σ 22 . Let us consider equally spaced times
0 = t0 ≤ t1 ≤ · · · ≤ tm = T . Set∆t = Tm and tn = n∆t for n = 1, 2, . . . ,m.
We assume the asset price Sn at the n-th monitoring point tn(n = 1, 2, . . . ,m) is given, under the risk neutral measure
P , by
Sn = S0 exp

µn∆t + σ√∆t
n
i=1
Zi

= S0 exp

Wnσ
√
∆t

,
where the random walkWn is defined by
Wn :=
n
i=1

Zi + µ
σ
√
∆t

and Zi’s are independent standard normal random variables.
Consider an European call expiring at T with strike price K . We fix an up-barrier U(> S0) and a down-barrier D(< S0).
We define k = 1
σ
ln(K/S0), u = 1σ ln(U/S0) and d = 1σ ln(D/S0).
We first present the valuation formula for a down-and-in call option DICmu with m-monitoring points, commencing at a
time when the asset price hits the up-barrier U . This discrete option gives the option holder the payoff of a call if the price at
monitoring points of the underlying asset rises above U and then falls below D before time T , and it pays off zero otherwise.
1 For chained options, another barrier option is activated when a primary barrier is hit. For example, a down-and-in chained call option (DICu) is a
down-and-in call option activated at a time when the underlying asset price hits an upper barrier level, U , and an up-and-in chained call option (UICud) is
an up-and-in call option which is activated at a time when the asset price crosses two different barrier levels (an up-barrier followed by a down-barrier).
These options have become popular in the over-the-counter equity and foreign exchange derivativemarkets.We refer to Jun and Ku [19] for details. Options
with similar features, as a variation of double barrier options, also appear in Li [20].
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Theorem 2.1. Consider a discrete Knock-In Call option which is activated at time τ ′ = inf {n ≥ 1 : Sn ≥ U}. The value at time 0,
DICmu , is
DICmu (U,D) = DICu

Ueβσ
√
∆t ,De−βσ
√
∆t

+ o 1/√m , (2.1)
where DICu(U,D) is the continuous monitoring down-and-in chained option value (see Appendix).
Proof. We present here a proof under the assumption of K > D. (The case of K ≤ D is proved similarly.)
Let τ ′ = inf {n ≥ 1 : Sn ≥ U} = inf

n ≥ 1 : Wn ≥ u√
∆t

. The discrete knock-in call option value at time 0 is given by
the discounted expected value of its payoff under the risk-neutral measure. Thus
DICmu (U,D) = e−rTEP

(Sm − K)+1minτ ′≤n≤m Sn≤D, τ ′≤m

= e−rTEP

(Sm − K)1Sm>K ,minτ ′≤n≤m Sn≤D, τ ′≤m

,
where 1{} is an indicator function.
Let us define a new measureP such that
dP
dP
= exp

m
i=1

σ
√
∆t

Zi − 12
m
i=1

σ
√
∆t
2
.
Then, by using the discrete Girsanov theorem, we can represent DICmu (U,D) as a difference of two probabilities under
different measures.
DICmu (U,D) = S0P Sm > K , min
τ ′≤n≤m
Sn ≤ D, τ ′ ≤ m

− e−rTKP

Sm > K , min
τ ′≤n≤m
Sn ≤ D, τ ′ ≤ m

.
Note that
P

Sm > K , min
τ ′≤n≤m
Sn ≤ D, τ ′ ≤ m

= P

Wm >
k√
∆t
, min
τ ′≤n≤m
Wn ≤ d√
∆t
, τ ′ ≤ m

,
where
Wm =
m
i=1

Zi + µ
σ
√
∆t

=
m
i=1
Zi + µ
σ
√
∆t m
and Zi is standard normal random variables under P .
ThenWm is a standard normal random variable under the measure Q , defined by
dQ
dP
= exp

−
m
i=1
µ
σ
√
∆tZi − 12
m
i=1

µ
σ
√
∆t
2
= exp

−µ
σ
√
∆t
m
i=1
Zi − 12
µ2
σ 2
T

.
Let us introduce a random variable Wn, n = 1, 2, . . . ,m, defined by the formula
Wn =

Wn (n ≤ τ ′)
2

u√
∆t
+ Rm

−Wn (n ≥ τ ′),
where Rm = Wτ ′ − u√
∆t
is the overshoot above u√
∆t
.
By virtue of the reflection principle, the variable Wn also follows a standard normal random variables under Q . Then
P

Wm >
k√
∆t
, min
τ ′≤n≤m
Wn ≤ d√
∆t
, τ ′ ≤ m

= EP

1
Wm> k√
∆t
,minτ ′≤n≤m Wn≤ d√∆t , τ ′≤m

= EQ

dP
dQ
1
Wm> k√
∆t
,minτ ′≤n≤m Wn≤ d√∆t , τ ′≤m


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= EQ

e
µ
σ
√
∆tWm− 12 µ
2
σ2
T1
Wm> k√
∆t
,minτ ′≤n≤m Wn≤ d√∆t , τ ′≤m

= EQ

e
µ
σ
√
∆t

2u√
∆t
+2Rm−Wm− 12 µ2σ2 T1Wm< 2u−k√
∆t
+2Rm,maxτ ′≤n≤m Wn≥ 2u−d√∆t +2Rm

.
Since maxτ ′≤n≤m Wn = max0≤n≤m Wn,
P

Wm >
k√
∆t
, min
τ ′≤n≤m
Wn ≤ d√
∆t
, τ ′ ≤ m

= EQ

e
µ
σ
√
∆t

2u√
∆t
+2Rm−Wm− 12 µ2σ2 T1Wm< 2u−k√
∆t
+2Rm,max0≤n≤m Wn≥ 2u−d√
∆t
+2Rm
 .
We apply the reflection principle again. Let us introduce a random variable Wn, n = 1, 2, . . . ,m, defined by the formula
Wn =

Wn (n ≤ τ ′′)
2

2u− d√
∆t
+ 2Rm + Rm

− Wn (n ≥ τ ′′),
where τ ′′ = inf

n ≥ τ ′ : Wn ≥ 2u−d√
∆t
+ 2Rm

and Rm = Wτ ′′ − 2u−d√
∆t
+ 2Rm

is the overshoot above 2u−d√
∆t
+ 2Rm. Then, the
variable Wn also follows a standard normal random variables under Q and
P

Wm >
k√
∆t
, min
τ ′≤n≤m
Wn ≤ d√
∆t
, τ ′ ≤ m

= e µσ (−2u+2d)EQ

e
µ
σ
√
∆t(−2Rm−2Rm)e
µ
σ
√
∆t Wm− 12 µ2σ2 T1Wm> 2u−2d+k√
∆t
+2Rm+2Rm
 .
Let us define a probability measure Q by setting
dQ
dQ
= e µσ
√
∆t Wm− 12 µ2σ2 T
so that the random variableWm = Wm − µσ√∆t m, follows a standard normal random variable under Q .
e
µ
σ (−2u+2d)EQ

e
µ
σ
√
∆t(−2Rm−2Rm)e
µ
σ
√
∆t Wm− 12 µ2σ2 T1Wm> 2u−2d+k√
∆t
+2Rm+2Rm

= e µσ (−2u+2d)EQ

e
µ
σ
√
∆t(−2Rm−2Rm)1Wm> 2u−2d+k√
∆t
+2Rm+2Rm

= e µσ (−2u+2d)EQ

e
µ
σ
√
∆t(−2Rm−2Rm)1
Wm> 2u−2d+k√
∆t
+2Rm+2Rm− µσ
√
∆t m
 .
Treat Wm, Rm, and Rm as though they were independent. Then we get
e
µ
σ (−2u+2d)EQ

e
µ
σ
√
∆t(−2Rm−2Rm)1
Wm> 2u−2d+k√
∆t
+2Rm+2Rm− µσ
√
∆t m

≈ e µσ (−2u+2d)E

e
µ
σ
√
∆t(−2Rm−2Rm)N

−2u+ 2d− k√
T
− 2Rm√
m
− 2Rm√
m
+ µ
σ
√
T

.
Expanding in a two dimensional Taylor series with n denoting the standard normal density, and using the fact that
E[Rm] → β and E[Rm] → β (see Section 4.3 in [16]), we obtain
E

e
µ
σ
√
∆t(−2Rm−2Rm)N

−2u+ 2d− k√
T
− 2Rm√
m
− 2Rm√
m
+ µ
σ
√
T

= E

N
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2µ
σ
√
∆t RmN
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2Rm√
m
n
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2µ
σ
√
∆t RmN
−2u+ 2d− k√
T
+ µ
σ
√
T

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− 2Rm√
m
n
−2u+ 2d− k√
T
+ µ
σ
√
T

+ o

1√
m

= N
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2µ
σ
√
∆t E[Rm]N
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2E[Rm]√
m
n
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2µ
σ
√
∆t E[Rm]N
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2E[Rm]√
m
n
−2u+ 2d− k√
T
+ µ
σ
√
T

+ o

1√
m

= N
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2µ
σ
√
∆t βN
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2β√
m
n
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2µ
σ
√
∆t βN
−2u+ 2d− k√
T
+ µ
σ
√
T

− 2β√
m
n
−2u+ 2d− k√
T
+ µ
σ
√
T

+ o

1√
m

= e µσ
√
∆t(−2β−2β)N

−2 u+ β√∆t+ 2 d− β√∆t− k√
T
+ µ
σ
√
T

+ o

1√
m

.
Therefore
P

Sm > K , min
τ ′≤n≤m
Sn ≤ D, τ ′ ≤ m

= e µσ (−2u+2d)e µσ
√
∆t(−2β−2β)N

−2 u+ β√∆t+ 2 d− β√∆t− k√
T
+ µ
σ
√
T

+ o

1√
m

= e µσ (−2(u+β
√
∆t)+2(d−β
√
∆t))N

−2 u+ β√∆t+ 2 d− β√∆t− k√
T
+ µ
σ
√
T

+ o

1√
m

=

De−βσ
√
T/m
Ueβσ
√
T/m
 2µ
σ2
N
 1
σ
√
T
ln


De−βσ
√
T/m
2
S0
Ueβσ
√
T/m
2
K
+ µ
σ
√
T
 .
In the measureP , we follow the same procedures to obtain
P Sm > K , min
τ ′≤n≤m
Sn ≤ D, τ ′ ≤ m

=

De−βσ
√
T/m
Ueβσ
√
T/m
 2µ
σ2
N
 1
σ
√
T
ln


De−βσ
√
T/m
2
S0
Ueβσ
√
T/m
2
K
+ µ
σ
√
T

which completes the proof. 
Remark 2.2. To value the discrete Knock-Out Call (down-and-out) option, DOCmu (U,D), which is activated at time τ
′ =
inf {n ≥ 1 : Sn ≥ U}, we apply the knock-in knock-out parity relation. So, we substract DICmu (U,D) from the discrete up-and-
in call price UICm(U) to get
DOCmu (U,D) = UICm(U)− DICmu (U,D).
We now present the valuation formula for a discrete up-and-in call option UICmud with m-monitoring points, activated
when the asset price crosses the down-barrier D before maturity after crossing the up-barrier U . The payoff of this option is
a call if the underlying asset price at monitoring points rises above U , and then falls below D, and then rises above U before
time T . Its payoff is zero otherwise.
Theorem 2.3. Consider a discrete Knock-In Call option which is activated at time
τ ′′ = inf t > τ ′ : Sn ≤ D, τ ′ = inf {n ≥ 1 : Sn ≥ U} .
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Table 1
Comparison of the discrete chained barrier option values DICmu (U,D)with varying up-barrier(U) and down-barrier(D).
Up barrier (U) Down barrier (D) MC (st.error) Continuous Corrected Corrected rel error (%)
101
91 3.7293 4.9010 3.7605 0.837
(0.0069)
93 4.8414 6.2716 4.8800 0.797
(0.0059)
95 6.1727 7.8815 6.2143 0.674
(0.0070)
97 7.7267 9.7411 7.7771 0.652
(0.0094)
99 9.5129 11.8568 9.5783 0.687
(0.0092)
103
91 2.9386 3.8776 2.9368 −0.061
(0.0055)
93 3.8630 5.0239 3.8602 −0.072
(0.0061)
95 4.9766 6.3879 4.9757 −0.018
(0.0040)
97 6.3017 7.9829 6.2990 −0.043
(0.0059)
99 7.8474 9.8184 7.8426 −0.061
(0.0121)
105
91 2.2786 3.0475 2.2780 −0.026
(0.0051)
93 3.0318 3.9981 3.0331 0.043
(0.0074)
95 3.9564 5.1442 3.9579 0.038
(0.0060)
97 5.0701 6.5012 5.0691 −0.019
(0.0103)
99 6.3806 8.0812 6.3812 0.009
(0.0035)
107
91 1.7566 2.3795 1.7554 −0.068
(0.0051)
93 2.3690 3.1614 2.3678 −0.051
(0.0049)
95 3.1295 4.1166 3.1281 −0.045
(0.0091)
97 4.0548 5.2619 4.0536 −0.029
(0.0083)
99 5.1599 6.6115 5.1600 0.002
(0.0061)
109
91 1.3447 1.8463 1.3441 −0.045
(0.0040)
93 1.8376 2.4841 1.8367 −0.049
(0.0049)
95 2.4609 3.2740 2.4568 −0.167
(0.0050)
97 3.2197 4.2331 3.2216 0.059
(0.0051)
99 4.1470 5.3770 4.1473 0.007
(0.0062)
Option parameters: S0 = 100, K = 100, σ = 0.3, T = 1, and r = 0.05, Monte Carlo (MC) simulation values are the results of 2,000,000
simulation paths (including antithetic paths) with discrete monitoring m = 250 (daily monitoring). The standard error of this simulation
is indicated in parentheses. Continuous value comes from Theorem A in Appendix. Corrected value is the result of continuity correction
DICmu (U,D) in (2.1). Relative error is given in percent.
The value at time 0, UICmud(U,D), is
UICmud(U,D) = UICud

Ueβσ
√
∆t ,De−βσ
√
∆t

+ o 1/√m ,
where UICud(U,D) is the continuous monitoring up-and-in chained option value (see Appendix).
Proof. The proof can be obtained by the similar techniques as in Theorem 2.1. 
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Remark 2.4. The Knock-Out Call option value, UOCmud, which is activated at time τ
′′ = inf{t > τ ′ : Sn ≤ D, τ ′ = inf{n ≥
1 : Sn ≥ U}} is calculated by
UOCmud = DICmu − UICmud.
3. Numerical result
In this section we provide numerical results which indicate the accuracy of the corrected barrier approximation given in
Eq. (2.1) for discrete chained options. Numerical results show that the approximation of DICmu (U,D) is accurate enough to
correctly price barrier options in all but the most extreme circumstance; i.e., except when the price of the underlying asset
is nearly close to the barrier. In other words, the accuracy of the approximation improves very fast as the first hitting barrier
U moves away from S.
Tables 1 and 2 show the discrete barrier option value DICmu (U,D) by continuity correction. Table 1 gives the comparison
of approximated values for the down-and-in chained call option DICmu (U,D) with different levels of up-barrier U and
down-barrierD. Option parameters are as in the following: The initial value S0 = 100, the strike price K = 100, the volatility
σ = 0.3, the time to maturity T = 1, the interest rate r = 0.05,m = 250 (daily monitoring). Table 2 shows the comparison
of the values for the down-and-in chained call option DICmu (U,D)when the initial price S0 and the strike price K are varied.
Option parameters are as in the following: The up-barrier U = 105, the down-barrier D = 95, the volatility σ = 0.3, the
time to maturity T = 1, the interest rate r = 0.05.
Monte Carlo (MC) simulation values are the results of 2,000,000 simulation paths (including antithetic paths) with
discrete monitoring m = 250 (daily monitoring). It takes about 30 min each on an Intel Core i7 CPU 1.60 GHz. The
standard error of this simulation is indicated in parentheses. As we see in standard error, most of standard error of
MC values are less than 0.01. Thus we can regard this value as an exact value. The continuous value comes from
Theorem A in Appendix. This value differs from the discrete barrier option price (MC) by economically significant
amounts. For example, for U = 105,D = 95 in Table 1, the continuous barrier price is 5.1442 while the discrete
barrier option with daily monitoring is worth 30% more (3.9564). The corrected value is calculated by the corrected
continuous barrier formula derived in Theorem 2.1. Overall, this formula is remarkably accurate except in extreme
cases with the first hitting barrier U very close to S0 as observed in Tables 1 and 2. Relative error is given in
percent.
4. Conclusion
The chained barrier option is an option in which another barrier option is commenced when one or two prescribed
barriers are hit in a specified order. This paper provides amethodology for the chained barrier option of discretemonitoring.
The methodology developed here is similar to the techniques used in [16] that proposed a continuity correction for the
discretely monitored barrier option with single barrier. The valuation formula for a discrete down-and-in call option,
DICmu (U,D), commencing at time when the asset price hits the up-barrier U is proved using a two dimensional Taylor series
expansion.
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Appendix
The following formulae for chained options are presented in Jun and Ku [21]. Also, Jun and Ku [19] provided the pricing
formulae of chained barrier optionwith curved barriers, and the following four theorems are obtained as a special case (with
δ1 = δ2 = 0).
Theorem A. Suppose K > D. The Knock-In Call option value at time 0, DICu(U,D), which is activated at time τ =
min {t : St = U} is
DICu(U,D) = S0

D
U
 2µ
σ2
N(z1)− e−rTK

D
U
 2µ
σ2
N

z1 − σ
√
T

,
where
z1 = 1
σ
√
T
ln

D2S0
U2K

+ µ
σ
√
T ,
µ = r + σ 22 , S0 is the underlying asset spot value at time 0 beyond the down-barrier D and N(x) is the cumulative standard
normal distribution function.
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Table 2
Comparison of the discrete chained barrier option values DICmu (U,D)with varying S0 and strike price (K).
S0 Strike price (K) MC (st.error) Continuous Corrected Corrected rel error (%)
96
96 3.7980 4.9385 3.7996 0.042
(0.0064)
98 3.4173 4.4743 3.4193 0.059
(0.0062)
100 3.0726 4.0496 3.074 0.046
(0.0061)
102 2.7626 3.6616 2.7609 −0.062
(0.0066)
104 2.4773 3.3077 2.4776 0.012
(0.0061)
98
96 4.2974 5.5472 4.2964 −0.023
(0.0055)
98 3.8805 5.0413 3.8787 −0.046
(0.0112)
100 3.4995 4.5768 3.4981 −0.040
(0.0084)
102 3.1539 4.1509 3.1517 −0.070
(0.0091)
104 2.8365 3.7611 2.8371 0.021
(0.0068)
100
96 4.8330 6.1982 4.8315 −0.031
(0.0098)
98 4.3759 5.6497 4.3752 −0.016
(0.0053)
100 3.9564 5.1442 3.9579 0.038
(0.0060)
102 3.5780 4.6793 3.5769 −0.031
(0.0079)
104 3.2316 4.2523 3.2296 −0.062
(0.0053)
102
96 5.4094 6.8913 5.4051 −0.079
(0.0103)
98 4.9083 6.2994 4.9091 0.016
(0.0093)
100 4.4584 5.7522 4.4540 −0.099
(0.0075)
102 4.0384 5.2471 4.0370 −0.035
(0.0096)
104 3.6593 4.7818 3.6557 −0.098
(0.0070)
104
96 5.9719 7.6261 6.0173 0.760
(0.0087)
98 5.4411 6.9903 5.4808 0.729
(0.0118)
100 4.9435 6.4006 4.9868 0.876
(0.0064)
102 4.4916 5.8546 4.5328 0.917
(0.0086)
104 4.0819 5.3500 4.1162 0.840
(0.0039)
Option parameters: U = 105, D = 95, σ = 0.3, T = 1, r = 0.05. Monte Carlo (MC) simulation values are the results of 2,000,000
simulation paths (including antithetic paths) with discrete monitoring m = 250 (daily monitoring). The standard error of this simulation
is indicated in parentheses. Continuous value comes from Theorem A in Appendix. Corrected value is the result of continuity correction
DICmu (U,D) in (2.1). Relative error is given in percent.
Theorem B. Suppose K ≤ D. The Knock-In Call option value at time 0, DICu(U,D), which is activated at time τ =
min {t : St = U} is
DICu(U,D) = S0

D
U
 2µ
σ2
N(z2)+

U
S0
 2µ
σ2
N(z3)−

U
S0
 2µ
σ2
N(z4)

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− e−rTK
D
U
 2µ
σ2
N

z2 − σ
√
T

+

U
S0
 2µ
σ2
N

z3 + σ
√
T

−

U
S0
 2µ
σ2
N

z4 + σ
√
T
 ,
where
z2 = 1
σ
√
T
ln

DS0
U2

+ µ
σ
√
T , z3 = 1
σ
√
T
ln

DS0
U2

− µ
σ
√
T ,
z4 = 1
σ
√
T
ln

KS0
U2

− µ
σ
√
T .
Theorem C. Suppose K < U. The Knock-In Call option value at time 0, UICud(U,D), which is activated at time
τ2 = min {t > τ1 : St = D, τ1 = min {t > 0 : St = U} }
is
UICud(U,D) = S0
D
U
 2µ
σ2
N(z5)+

U2
DS0
 2µ
σ2
N(z6)−

U2
DS0
 2µ
σ2
N(z7)

− e−rTK
D
U
 2µ
σ2
N

z5 − σ
√
T

+

U2
DS0
 2µ
σ2
N

z6 + σ
√
T

−

U2
DS0
 2µ
σ2
N

z7 + σ
√
T
 ,
where
z5 = 1
σ
√
T
ln

D2S0
U3

+ µ
σ
√
T , z6 = 1
σ
√
T
ln

D2S0
U3

− µ
σ
√
T ,
z7 = 1
σ
√
T
ln

D2KS0
U4

− µ
σ
√
T
S0 is the underlying asset spot value at time 0 beyond the down-barrier D, and N(x) is the cumulative standard normal distribution
function.
Theorem D. Suppose K ≥ U. The Knock-In Call option value at time 0, UICud(U,D), which is activated at time
τ2 = min {t > τ1 : St = D, τ1 = min {t > 0 : St = U} }
is
UICud(U,D) = S0

D
U
 2µ
σ2
N(z1)− e−rTK

D
U
 2µ
σ2
N

z1 − σ
√
T

.
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